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Directed graphs

« Directed graphs are graphs with directed edges.

5 perations sraphs
+ We willcover some of these operations, and some intereting sub-types of
directed graphs
- Transiive closure
~ Dirccted acyclc graphs
 Topological ordering

Some terminology

« For any pair of nodes wand v in a directed graph
~ Adirected graph isstrongly connected 1 there is a directed path betsween u o
andviow
~ Adirected graph
tou

semi-commectod i there s a directed path between u to v or v

~ Adirected graph is weakly connected i the undirected graph obtained by
replacing al edges with undirected edges result n a connected graph

Checking strong connectivity

« Naive attempt: traverse the graph
independently from each noce (strongly
connected i alltraversals visit all nods)

~ Time complexiy: O(n{n + m))

+ Abetter one:

- traversethe graph from an arbitary node
~ reverse all edges, raverse again

~ intuition; i there I a reverse path from D to

A, then D s reachable from A

« Time complexity: O(n +m]

« Note: we do not need to copy the graph, we
only need to do ‘reverse edge’

edge’ queries

Transitive closure

- We pl
efficiently
« Pre-computing all nodes reachable from every other node is beneficial in
some applications.
« The transitive closure of a graph is another graph where
~ The set of nodes are the same as the ariginal graph

« For an undirected graph, transitive closure can be computed by computing.
the connected components

Computing tra

« Astraightforward algorithm:
- run n graph traversals, from

each node i the graph,
between the start node to any node discovered by the traversal

= tme complexty s O{n(n.
+ Floyd-Warshall algorithm is another well-k
eficiently in some settings

Floyd-Warshall algorithm

for finding ransitiveclosure

. agraphis

i A
« Floyd-Warshall algorithm is an iterative algorithm that
computes the transitive closure in n iferations
+ The algorithm starts with setting transitive closure to the.
B

original graph K

- Adda directed edge (v, o transitve closure i talready
contains both (vi,vx) and (viv;)

« Itis efficient if graph is implemented with an adjacency i c
matrix and it is not sparse
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Floyd-Warshall algorithm Directed acyclic graphs
+ Directedacylic graphs (DAGs) are d
o) for row e ) « Time complexity is O(n3) + DAGs have many practical applications (mainly, dependency graphs)
= 1 S e + Compare with repeated traversal ~ Prerequisites between courses in a study program
ey Fratcmis = Clas nheritance inan objecoriented program
sd iy 2 e A,  Scheduling consiants overtaks n.a project
for j in range(n) o[n?) e P iput (generally & & Dac)
%) 5 - A compact representation of a list of words
B 3 + Aversion o this algorithmisalso
used for finding shortest paths in
O 0 or \ f
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https://www.xkcd.com/754/

Topological order

« A tapological ordering of a directed graph is a sequence of nodes such that for
every directed edge (11,v) w is listed before v

+ A topological ordering lists prerequisites’ of a node before listing the node
itself

« There may be multiple topological orderings
« In the course prerequisite example, a topological ordering lists any acceptable
order that the courses can be taken

Topological order example

Topological sort

stgorthen

topo, xeady = [1, 0
incount - {1
for u in nodes
incount [v] - u_indegree()
it incoms[u) == 0

« Keep a record of the number of unprocessed
incoming edges

« Anode s ready to be placed in the sorted lst
if there no unprocessed incoming edges

. pop0) « Running time is O(n + m)

I the top ordering
al the edges, the graph includes a cycle

v i unetghbors()
incount[v] - 1

Topological sort

demonstration
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Summary

+ We covered
~ Finding strongly connected components
~ Finding the transiive closure of a digraph
- DAGs and topological ordering,
« Reading on graphs: Goodrich, Tamassia, and Goldwasser (2013, chapter 14)
Next:
. shortest paths
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